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Abstract 


In  this  research  we  focused  on  the  development  of  cooperative  guidance  strategies  for  a 
team  composed  of  a  manned  or  unmanned  aircraft  and  a  defending  missile  trying  to  protect 
the  aircraft  from  the  incoming  homing  interceptor.  We  have  also  looked  at  the  problem  from 
the  point  of  view  of  the  missile  and  have  analyzed  the  problem  as  a  game  between  two  teams, 
the  target-defender  team  and  that  of  the  missile. 

The  research  has  been  conducted  in  three  years.  The  main  findings  of  the  study  in  the 
first  year  appear  in  that  year’s  annual  report  and  can  be  summarized  as  follows: 

•  Knowing  the  evasive  maneuver  of  the  aircraft  substantially  reduces  the  control  effort 
requirements  from  its  defending  missile.  Choosing  an  appropriate  target  (aircraft) 
maneuver  further  reduces  the  defending  missile  control  effort.  The  cooperation  also 
dramatically  improves  the  defender’s  homing  performance,  especially  in  scenarios  where 
the  target  aircraft  employs  evading  maneuvers. 

•  Fusion  of  measurements  between  the  aircraft  and  defending  missile  enables  fast  iden¬ 
tification  of  the  missile’s  guidance  strategy,  making  its  future  trajectory  predictable. 
Moreover,  in  cases  where  the  defending  missile  has  bearing  only  measurements,  the 
cooperation  with  the  aircraft  enables  estimating  also  range  and  thus  advanced  cooper¬ 
ative  optimal  control  based  guidance  laws  can  be  utilized. 

•  Command  to  line  of  sight  (CLOS)  guidance  for  the  defender  missile  provides  superior 
performance  over  proportional  navigation  (PN)  guidance  in  terms  of  the  miss  distance 
and  the  total  control  effort. 

The  main  findings  of  the  study  in  the  second  year  appear  in  that  year’s  annual  report  and 
can  be  summarized  as  follows: 

•  optimal  one-on-one,  non-cooperative,  aircraft  evasion  strategies  from  a  missile  using 
a  classical  linear  guidance  strategy  were  derived.  The  strategies  have  a  bang-bang 
structure.  For  realistic  parameters,  utilizing  such  optimal  strategies  yields  a  small 
miss  distance  that  is  not  sufficient  for  ensuring  aircraft  survivability.  Thus,  the  use  of 
a  defender  missile  is  of  essence. 

•  In  contrast  to  the  optimal  one-on-one  evasion  strategy,  the  optimal  cooperative  target 
maneuver  may  be  either  constant  or  arbitrary.  Implementing  such  a  strategy  the  target 
can  lure  in  the  attacker,  allowing  its  defender  to  intercept  the  attacking  missile  even 
in  scenarios  where  the  defenders  maneuverability  is  at  a  disadvantage  compared  to  the 
attacking  missile,  yielding  hit-to-kill  homing  performance. 
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•  Analytical  capture  envelopes  were  derived  for  scenarios  where  the  missile  and  the  de¬ 
fender  use  different  classical  guidance  laws,  such  as  PN,  pure  pursuit  (PP),  and  CLOS. 

In  the  third  year  of  the  research  we  first  looked  at  the  problem  as  a  game  between  two  teams 
(the  target-defender  team  and  that  of  the  missile).  Then  we  looked  into  the  effect  of  different 
cooperation/communication  schemes  on  the  performance  of  the  target-defender  team.  The 
main  findings  of  the  study  in  the  third  year  of  the  research  are: 

•  For  a  given  missile  strategy  (e.g.  PN  and  PP)  the  mission  outcome  relies  heavily  on 
the  defender  guidance  strategy  (e.g.  PN  and  CLOS  guidance),  and  vice  versa.  Thus, 
for  a  realistic  implementation  of  a  guidance  law,  from  a  given  set  of  laws,  a  game 
theoretic  analysis  is  required.  Formalizing  the  engagement  as  a  two-person  zero  sum 
game,  optimal  strategies  are  obtained  not  only  in  pure  strategies  but  also  in  mixed 
strategies  (i.e.  a  probabilistic  distribution  over  the  set  of  pure  strategies). 

•  Three  different  cooperation  schemes  were  investigated:  1)  two-way  cooperation  where 
the  target-defender  team  employs  its  optimal  cooperative  strategy,  2)  one-way  coop¬ 
eration  realized  by  defender  employing  a  classical  one-on-one  guidance  law  while  the 
target  helps  it  by  luring  in  the  missile,  3)  one-way  cooperation  realized  by  target  em¬ 
ploying  an  arbitrary  evasive  strategy  while  the  defender  attempts  to  reach  the  predicted 
interception  point.  Using  the  notion  of  Pareto  fronts  it  is  shown  that  the  performance 
of  the  target  and  the  defender  is  highly  dependent  on  the  cooperation  scheme,  where  as 
expected  the  two-way  cooperation  scheme  provides  the  best  performance.  Yet,  one-way 
cooperation  schemes  attain  considerably  better  results  than  independent  actions. 

•  Once  two-way  communication  cannot  be  established  and  full  cooperation  is  not  possible 
one  player  of  the  target- defender  team  must  act  independently.  In  such  a  case  it  is 
still  possible  to  intercept  a  homing  missile  using  an  appropriate  cooperation  scheme. 
Different  one-way  cooperation  schemes  impose  different  maneuvering  requirements  on 
the  respective  cooperatively  acting  players.  Results  have  shown  that  cooperatively 
acting  defender  is  more  effective  than  cooperatively  acting  target,  since  cooperative 
defender  only  needs  to  turn  towards  predicted  intercept  point,  while  cooperative  target 
has  to  take  into  account  missile  reaction  to  its  maneuver  to  bring  the  independent 
defender  to  interception  point. 
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I.  Introduction 


Traditional  interception  engagements  are  concerned  with  a  single  missile  chasing  a  sin¬ 
gle  target.  The  classical  and  most  widely  used  approach  in  the  solution  of  such  guidance 
problems  assumes  perfect  information,  linearized  kinematics,1  and  applies  optimal  control 
theory  tools.  The  well-known  proportional  navigation  (PN)  guidance  law2  represents  the  op¬ 
timal  solution  for  the  simplest  scenario  where  interceptor  has  ideal  dynamics  and  the  target 
does  not  maneuver.  Augmented  proportional  navigation  (APN)3  represents  expanded  opti¬ 
mal  solution  for  the  scenario  where  a  target  performs  a  known  constant  maneuver.  Further 
extension  of  APN  is  an  optimal  guidance  law  (OGL)4  where  an  additional  assumption  is 
that  the  interceptor  has  first  order  dynamics.  In  Ref.  5  two  one-on-one  guidance  laws  were 
proposed  for  imposing  a  terminal  interception  angle.  These  strategies  were  derived  using 
linear  quadratic  optimal  control  and  differential  games  approaches  for  arbitrary  order  linear 
missile  dynamics. 

In  order  to  answer  the  threat  coming  from  homing  missiles  employing  such  guidance 
laws,  a  significant  effort  was  made  on  extending  protection  capabilities  of  targeted  aircrafts. 
Among  the  systems  developed  for  this  purpose  are  electronic  countermeasures  and  various 
kinds  of  decoys.  Besides  these  means  of  protection  an  aircraft  can  perform  an  evasive  maneu¬ 
ver,  which  can  be  either  arbitrary  or  optimally  adjusted  against  the  incoming  interceptor.  It 
is  possible  to  develop  an  optimal  evasion  strategy  using  optimal  control  theory  tools,  however 
it  requires  information  on  future  pursuer’s  behavior,  i.e.  it’s  guidance  law.  A  case  study 
where  such  a  problem  was  formulated  as  a  one-sided  optimal  control  problem  against  a  PN 
guided  interceptor  was  presented  in  Refs.  6-8.  In  these  works  some  simplifying  assumptions 
were  applied,  such  as  two  dimensional  analysis  and  constant  pursuer  and  evader  speeds  with 
bounded  maneuverabilities.  A  non-linear  engagement  dynamics  along  with  assumptions  on 
first  order  pursuer  dynamics  was  considered  for  problem  formulation  in  Ref.  6.  A  numerical 
solution  was  presented  over  a  set  of  various  engagement’s  initial  conditions.  In  Ref.  7  a 
linearization  around  the  collision  course  was  made  assuming  ideal  pursuer  dynamics.  This 
study  was  extended  in  Ref.  8  to  a  non-linear  model.  The  resulting  optimal  evasion  strate¬ 
gies  obtained  in  the  above  works  were  found  to  have  a  bang-bang  structure,  i.e.  applying 
maximum  available  acceleration  normal  to  the  line-of-sight  for  a  given  period  of  time. 

Continued  development  of  sophisticated  interceptor  missiles  having  a  large  maneuver 
capability  while  employing  advanced  guidance  laws  render  the  application  of  evasive  maneu¬ 
vers  insufficient.  To  increase  the  probability  of  survival  the  target  aircraft  may  also  deploy  a 
defender  missile  to  intercept  an  incoming  threat.  Such  a  multi-agent  scenario  is  denoted  as 
target-missile-defender  engagement  and  it  may  be  treated  for  example  by  using  either  differ¬ 
ential  games  or  optimal  theory  tools.  In  Ref.  9  such  a  scenario  was  presented  as  a  two  team 


7  of  38 


Distribution  A:  Approved  for  public  release;  distribution  is  unlimited. 


three  person  dynamic  game  -  the  Lady,  the  Bandit  and  the  Bodyguard.  The  bandit’s  (i.e. 
missile)  objective  is  to  capture  the  lady  (i.e.  target),  while  lady  and  her  body-guard’s  (i.e. 
defender)  objective  is  to  prevent  it.  The  body-guard  is  trying  to  intercept  the  bandit  prior  to 
its  arrival  within  the  lady’s  proximity.  In  a  recent  paper10  this  game  was  reformulated  as  a 
target-missile-defender  problem.  Analytic  terms  were  derived  for  the  ideal  dynamics  case  and 
the  solution  provided  the  cooperative  strategies  for  the  aircraft  and  defending  missile,  as  well 
as  the  optimal  combined  pursuit-evasion  strategy  for  the  attacking  missile.  Another  recent 
work,11  performed  in  the  first  year  of  this  research,  investigated  the  target- missile-defender 
interception  problem  for  a  case  where  the  target  and  its  defender  share  noisy  measurements 
of  the  attacking  missile.  A  nonlinear  adaptation  of  a  multiple  model  adaptive  estimator 
was  used  in  order  to  identify  the  guidance  law  and  the  guidance  parameters  of  the  incoming 
homing  missile.  A  matched  defender’s  missile  guidance  law  was  optimized  to  the  identified 
homing  missile  guidance  law  and  the  target’s  guidance  law  was  set  to  minimize  the  control 
effort  of  the  defender. 

In  a  recent  work,12  performed  during  the  second  year  of  this  research,  the  target-missile- 
defender  engagement,  where  the  missile  is  driven  by  a  linear  guidance  law  such  as  PN,  APN, 
and  OGL  was  analyzed  and  cooperative  pursuit  and  evasion  strategies  for  the  defender  and 
the  target  were  derived.  The  derivation  was  based  on  arbitrary-order  linear  adversaries 
dynamics  and  perfect  information.  The  optimal  noncooperative  one-on-one  evasion  strate¬ 
gies  from  a  missile  employing  a  linear  guidance  strategy  were  also  analytically  derived.  It 
was  shown  that  a  hit-to-kill  performance  is  achievable  due  to  cooperation,  even  when  the 
defending  missile  has  a  considerable  maneuverability  disadvantage  over  the  interceptor. 

Another  implementation  of  the  cooperation  concept  between  the  target  and  the  defender 
in  target-missile-defender  engagement  was  presented  in  Ref.  13  by  using  the  line-of-sight 
(LOS)  guidance  scheme.  In  this  work  (performed  during  the  first  year  of  this  research)  LOS 
guidance  kinematics  with  a  maneuvering  launch  platform  (defended  aircraft)  was  derived 
and  investigated.  A  cooperative  guidance  law  was  proposed  for  the  defended  aircraft  based 
on  the  kinematic  results  to  maximize  the  attacker-to-defender  lateral  acceleration  ratio. 
The  proposed  cooperative  guidance  scheme  was  studied  analytically  and  via  simulations  for 
various  attack  geometries  showing  better  relative  control  effort  performance. 

In  a  recent  work14  (performed  during  the  second  and  third  years  of  this  research,  and 
presented  also  in  this  year’s  interim  report)  an  analysis  of  target-missile-defender  engagement 
was  carried  out  where  the  defender  employs  proportional  navigation  and  LOS  guidance 
against  proportional  navigation  and  pure  pursuit  missile  strategies,  while  the  target  was 
assumed  to  follow  a  non-maneuvering  flight.  Closed  form  expressions  for  lateral  acceleration 
ratios  and  capture  zones  were  presented  as  well  as  an  analytic  expression  for  attacking  missile 
initial  position  and  launch  angles  for  a  successful  evasion  from  the  defender. 
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In  the  final  stage  of  this  research,  presented  next,  we  investigated  the  effect  of  cooperation 
on  the  target-missile-defender  engagement.  We  consider  three  approaches  for  cooperative 
defense  of  an  aircraft  from  a  homing  missile,  using  a  defender  missile.  First,  we  consider  a 
case  where  the  target  and  the  defender  are  able  to  maintain  a  steady  communication  link 
allowing  two-way  cooperation.  In  such  a  formulation,  full  cooperation  is  available  between 
the  target  and  the  defender.  In  the  second  case  we  assume  that  only  one-way  communication 
is  available  to  the  defender  and  it  is  unaware  of  the  target  (aircraft)  actions,  i.e.  the  defender 
transmits  the  required  data  to  the  target  and  acts  independently.  For  this  case  a  cooperative 
strategy  is  derived  for  the  target  to  aid  a  defender  which  is  employing  a  classical  one-on-one 
guidance  law  to  hit  the  attacking  missile.  For  the  third  case  one-way  communication  is 
assumed  for  the  target  which  shares  its  evasive  maneuver  with  the  defender.  Thus,  we  derive 
a  cooperative  pursuit  strategy  for  the  defender  while  the  target  performs  an  arbitrary  evasive 
maneuver,  that  is  known  to  the  defender.  We  assume  perfect  information  in  all  three  cases 
except  described  information  sharing  limitations  and  the  fact  that  the  missile  is  unaware  of 
the  existence  of  the  defender.  All  cases  are  based  on  linearized  kinematics,  and  adversaries 
are  assumed  to  have  arbitrary  order  linear  dynamics. 

The  remainder  of  this  report  is  organized  as  follows.  In  the  next  section  the  target- 
missile-defender  engagement  is  formulated  and  a  respective  mathematical  model  is  provided. 
Then,  a  generalized  form  of  linear  guidance  laws  is  presented  including  review  of  classical 
special  cases  of  PN,  APN,  and  OGL.  Next,  the  cooperative  pursuit  and  evasion  strategies  are 
derived  for  the  defender  and  the  target.  This  is  followed  by  the  derivation  of  a  cooperative 
strategy  for  a  target  with  independently  guided  defender.  Derivation  of  cooperative  defender 
strategy  with  independently  evading  target  is  presented  next.  Then,  a  simulation  analysis 
is  presented,  followed  by  concluding  remarks. 

II.  Problem  Formulation 

We  consider  an  engagement  scenario  consisting  of  three  entities:  an  attacking  missile 
(M),  an  evading  aircraft  (T)  and  a  defender  missile  (D).  A  defender  missile  is  launched  by 
evading  aircraft  in  order  to  intercept  the  incoming  threat.  The  attacking  missile  is  unaware 
of  the  defender  and  employs  a  known  linear  one-on-one  guidance  law  to  catch  the  target. 

For  derivation  purposes  the  missile-target-defender  scenario  is  assumed  to  take  place  in 
a  plane.  Three  entities  form  two  collision  triangles.  First,  between  the  target  aircraft  and 
the  attacking  missile  and  second  between  the  defender  missile  and  the  attacking  missile. 
We  assume  that  the  engagement  occurs  in  the  endgame  phase,  where  deviations  from  the 
respective  collision  triangles  are  small  and  therefore  the  linearization  along  the  initial  lines 
of  sight  ( LOSq )  is  justified.  Adversaries  speeds  are  assumed  to  remain  constant  during  the 
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endgame.  In  addition,  for  simplicity,  we  assume  that  the  defender  is  launched  from  the 
targeted  aircraft  and  therefore  we  can  unite  the  initial  line  of  sights  of  missile-target  and 
defender-missile  pairs. 

A  schematic  view  of  the  planar  end-game  engagement  geometry  is  shown  in  Fig.  1.  The 
X  axis  is  aligned  with  the  initial  line  of  sight  ( LOSq )  used  for  the  linearization  and  Y 
is  perpendicular  to  it.  The  range  between  the  missile  and  target  is  denoted  tmt,  while 
that  between  the  defender  missile  and  the  attacking  one  is  denoted  rMD.  We  denote  umt 
and  Umd  as  the  target-missile  and  missile- defender  relative  displacements  normal  to  LOS0, 
respectively.  The  missile’s,  target’s,  and  defender’s  accelerations  perpendicular  to  LOSq  are 
denoted  by  qm,  «t,  and  ap,  respectively. 


LOS0 


X 


Figure  1.  Target-missile-defender  engagement  geometry. 


A.  Equations  of  Motion 

We  assume  that  during  the  endgame  adversaries  dynamics  can  be  represented  by  arbitrary 
order  linear  equations 


Xi  A-iXi  “I-  B iiLi 

;  i  =  {M1T1D} 

(1) 

d-i  C^Xi  “f-  diUi  , 

i  =  {M,  T,D} 

(2) 
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where  £Cj  is  the  state  vector  of  an  agent’s  internal  state  variables  with  dim  (ay)  =  rq  and  ut  is 
its  controller.  The  first  term  on  the  right-hand  side  of  Eq.  (2)  is  the  part  of  the  acceleration 
with  dynamics  and  we  denote  it  as  ats  (i.e.  ats  =  C %Xj).  For  example,  if  the  missile  has 
ideal  dynamics  (0*5  =  0)  then  the  direct  lift  is  obtained  immediately,  i.e.  ax  =  djtq  therefore 
satisfying  A,  =  B,  =  Ct  =  0.  On  the  other  hand,  a  missile  with  first  order  strictly  proper 
dynamics  with  time  constant  T;  is  represented  by  A*  =  — l/r*,  B,  =  I/t*,  C*  =  1  and  dj  =  0. 

The  state  vector  of  the  linearized  interception  problem  is  therefore  defined  as 


x  = 


VMT  ijMT  xj4  xTp  IjMD  Vmd  XTn 


(3) 


Defining  the  state  vector  of  the  linearized  missile-target  engagement  as 


XMT 


Vmt  Vmt  xt 


(4) 


and  that  of  the  missile-defender  as 


Xmd 


lT 


Vmd  Vmd  x  d 


(5) 


we  can  rewrite  it  in  a  short  form 


x  = 


X 


MT 


(6) 


and  dim(x )  =  tim  +  rir  +  no  +  4. 

The  states  X\  and  xnM+nT+3  are  the  differences  between  the  target  and  missile  positions 
and  between  the  missile  and  defender  positions  normal  to  the  initial  line  of  sight.  X2  and 
xnM+riT. |_4  are  therefore  the  relative  respective  lateral  speeds,  and  their  derivatives  are  the 
relative  lateral  accelerations  of  missile-target  and  missile-defender  duos.  Thus,  the  equations 
of  motion  (EOM)  which  represent  the  engagement’s  kinematics  and  dynamics  can  be  written 
as 


X\  = 

X2 

X-2  = 

a,T  —  O'M 

x  M  = 

A  mXm  +  B 

xT  = 

A tXt  T  Bj'tiT’ 

Xn.M+nT+3 

XnM+nT+  4 

XnM+nr+'i 

®M  —  aD 

XD  = 

A  DXD  +  B  dUd 
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These  equations  can  be  written  in  vector  form  as 


x  =  Ax  +  B [ut  ud]T  +  C um 


(8) 


where 


A  = 

Amt  [0] 

,  B  = 

B  mt  [0] 

,  c  = 

C  mt 

A21  A  md 

[0]  B  md 

C  md 

and 


1 

O 

1 

[0] 

1 

jo] 

1 

O 

1 - 

O 

0 

0 

0 

1 

Ct 

,  Bmt  — 

(It 

,  C  mt  — 

—  C?M 

[0] 

[0] 

Am 

[0] 

[0] 

B  M 

.  [0] 

[0] 

[0] 

at 

By 

[0] 

(9) 


(10) 


'  [0] 

[0] 

[0]  ' 

0 

1 

[0]  1 

0 

0 

[0] 

Cm 

[0] 

,  A  md  — 

0 

0 

-CD 

,  B  md  — 

—do 

,  C  md  — 

d\i 

.  [0] 

[0] 

[0]  . 

.  [0] 

[0] 

Ad 

.  Bd  . 

.  [o]  . 

(11) 


with  [0]  denoting  a  matrix  of  zeros  with  appropriate  dimensions. 


B.  Timeline 

The  initial  range  between  the  attacking  missile  and  the  target  is  tmt( 0)-  Similarly,  between 
the  attacking  missile  and  the  defender  it  is  Tm d  (0) .  Under  the  linearization  assumption 
around  initial  collision  triangle,  closing  speeds  of  missile-target  VcMT  and  missile-defender 
VcMD  are  assumed  to  be  constant.  Thus,  the  interception  time  is  fixed  and  can  be  approxi¬ 
mated  by 

^ Smt  ^  MT  (0  )/VCmt  (12) 


and  similarly 


^/mD  rMD^)/^CMD 


We  define  At  as  the  time  difference  between  interceptions 


(13) 


=  t/MT  -  tfuD  (I4) 

To  fulfil  its  task  the  defending  missile  has  to  reach  the  attacking  missile  prior  to  the  missile 
reaching  the  target.  Thus,  we  require  that  the  missile-defender  engagement  terminates  prior 
to  that  of  missile-target,  i.e.  At  >  0  (t fMD  <  t/jur)- 
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We  define  the  times-to-go  of  the  missile-target  ( tgOMT )  and  missile-defender  (tgOMD)  en¬ 
gagements  as  follows 

tgOMT  ^/tfT 
tgOMD  tfMD 

In  the  scope  of  onr  work  we  are  interested  in  the  part  of  the  engagement  until  the  termination 
of  the  defender.  Therefore,  we  denote  the  time-to-go  of  the  engagement  as 


(15) 
—  t 


tgo  t goMD 

Using  the  time-to-go  definition  above  and  Eq.  (14)  we  can  obtain 

tg°MT  =  tgo  +  At 


(16) 


(17) 


C.  Missile  Guidance  Law 

A  considerable  effort  was  made  over  the  years  in  development  of  various  guidance  laws.  As¬ 
sumptions  as  perfect  information,  linear  kinematics,  and  unbounded  controls  were  generally 
used  for  the  derivations.  This  common  practice  resulted  in  a  wide  variety  of  guidance  laws 
which  all  have  the  same  linear  form  as  a  function  of  missile-target  engagement  state  variables 
and  possibly  the  target’s  control 


UM  —  K(tg0MT)xMT  +  Ku{tgoMT)uT 


(18) 


where 


K  (t 


goMT 


K,  K2  Km  Kt 


(19) 


Among  the  family  of  linear  guidance  laws  are  the  well-known  classical  guidance  laws  of  PN, 
APN,  and  OGL.  These  guidance  laws  are  more  widely  known  in  the  following  form1 


UM  =  JV-  7^-  ;  3  =  {PN,APN,OGL} 

g°MT 


(20) 


where  Z3  is  the  zerro-effort-miss  distance  (ZEM)  associated  with  each  guidance  law.  Zero- 
effort-miss  is  defined  based  on  the  homogeneous  solution  of  the  linear  dynamics  model  of  a 
given  engagement.  In  general  it  represents  the  miss  distance  if  from  the  current  time  and 
until  the  end  of  the  engagement  no  further  acceleration  commands  are  issued  by  the  pursuer, 
and  the  target  follows  an  assumed  maneuvering  model.  For  the  PN,  APN,  and  OGL  it  is 
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given  by 


Zpn  —  UMT  +  VMT^goMT  (21) 

Zapn  =  ZPN  +  aTt2gOMT/  2  (22) 

Zogl  =  Zapn  ~  0m^mV^90MT/tm)  (23) 

where  tm  is  the  missile’s  acceleration  dynamics  time  constant  and 

■0(0  —  exp(— 0  +  ^  —  1  (24) 

iV*  is  the  respective  effective  navigation  gain,  where 

A^  =  3  (25) 

^apn  =  3  (26) 

6  92MT^{9MT) 


OGL  3  +  66 mt  ~  G62MT  +  2d3MT  -  3e~2eMT -12eMTe-eMrr  K  J 

and  6mt  is  the  normalized  time-to-go  in  the  missile-target  engagement 

6mT  —  tgoMT/TM  (28) 

Because  linear  guidance  laws  are  widely  used  in  modern  interceptors  and  therefore  are 
most  likely  to  be  encountered,  we  assume  in  our  further  derivations  that  the  attacking  missile 
employs  such  a  linear  guidance  strategy. 

III.  Two-Way  Cooperative  Pursuit  Strategies 

We  first  consider  the  general  case  where  the  target  and  the  defender  are  acting  as  a  team, 
with  the  common  goal  of  intercepting  the  incoming  missile  by  the  defender.  For  this  purpose 
two-way  communication  must  be  established  between  the  target  and  the  defender  to  allow 
telemetric  data  sharing  that  is  needed  for  cooperative  action.  For  example,  an  unmanned 
aerial  vehicle  (UAV)  may  fire  a  defender  missile  as  countermeasure  against  an  interceptor 
missile.  We  assume  that  interceptor  missile  guidance  law  is  identified,  i.e.  its  behavior  and 
reaction  to  maneuvers  issued  by  the  UAV  are  known.  Thus,  the  UAV  may  transmit  it’s 
future  maneuvering  sequence  to  the  defender  to  allow  it  to  predict  the  intercepting  point 
with  the  missile  and  head  towards  it.  The  resulting  upcoming  defender’s  maneuver  is  then 
transmitted  back  to  the  UAV  and  it  may  issue  a  correction  command  in  order  to  assist  the 
defender.  The  UAV  will  actually  act  like  a  bait  luring  in  the  missile,  while  the  defender 
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will  head  towards  the  predicted  intercept  point.  As  a  result,  the  missile  will  be  intercepted 
with  minimum  target’s  and  defender’s  control  efforts.  In  this  section  we  derive  such  optimal 
cooperative  pursuit  strategy  for  the  defender  and  for  the  target  against  a  homing  missile. 
The  underlying  assumptions  are  that  the  defender  and  the  target  share  perfect  information 
on  their  current  states  and  on  the  controls  they  are  going  to  issue.  It  is  also  assumed 
that  the  missile’s  guidance  strategy  is  known  to  the  target  and  the  defender,  as  it  may  be 
identified  using  a  technique  such  as  that  proposed  in  the  first  year  of  the  research.11  For 
the  reasons  presented  in  the  previous  section  we  also  assume  that  the  missile  is  guided  by  a 
linear  guidance  strategy. 

A.  Cooperative  Pursuit  Dynamics 

The  linearized  EOM  of  missile-target-defender  engagement  was  presented  in  Eq.  (8).  By 
substituting  the  missile  guidance  law  from  Eq.  (18)  into  Eq.  (8)  we  obtain  the  EOM  of  the 
cooperative,  two  controllers  problem 


x  =  APE(tgo,  At)x  +  BTpEuT  +  BDpEuD 


(29) 


where 


A pE(tgo,  At)  — 


A  MTPE{tgo  +  At)  [0] 

A21  PE(tgo,At)  A  md 


and 


A  MTPE(tgo  +  At)  — 


0  1 

— (ImKi  —dhfK'i 
B;\/ A 1  BmK2 

[0]  [0] 


[0] 

-(Cm  +  g^/Km) 
Am  +  BmKm 
[0] 


[0] 


C  t  —  4Kt 

BjtfKr 

A71 


(30) 


(31) 


A2I pE^tgoi  At) 


0  0 


[0]  [0] 


dhiK]  g?mA'2  Cm  +  4Km  4/Kt 


0  0 


[0]  [0] 


B  tpe  - 


B  mt  +  GmtKUt 
C  m  D  A  ux 


B  Dpe 


[0] 


(2+BM+nT)xl 

Bmd 


(32) 


(33) 


with  matrixes  AMD  given  in  Eq.  (11)  and  BMT  with  Bmd  in  Eq.  (10)  and  Eq.  (11) 
accordingly. 
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B.  Cooperative  Pursuit  Problem  Statement 

The  main  objective  of  the  target-defender  team  is  to  intercept  the  attacking  missile  by  the 
defender  prior  to  its  arrival  to  target,  i.e.  minimize  the  miss  distance  of  missile-defender 
(\yMD(tfMD)\)-  Yet,  a  reasonable  control  effort  is  sought  from  the  target  and  the  defender. 
Thus,  we  pose  the  optimal  cooperative  pursuit  problem  as  the  minimization  of  the  following 
cost  function 

■J  =  - ay2MD{tfMD)  +  2  J  ud  +  Put  (34) 

subject  to  the  EOM  of  Eq.  (29).  Where  a  and  0  are  non- negative  weights. 

C.  Order  Reduction 

In  order  to  simplify  the  solution  and  to  reduce  the  problem’s  order  we  use  a  transformation 
from  Ref.  15  (denoted  by  some  as  terminal  projection )  and  define  a  new  variable 

ZMD{t)  =  D  <&{tfMD,t)x{t)  (35) 


where  D  is  a  constant  vector 


D 


o  0  [0]lx„„  [ol  1  0  [0], 


L  xri£> 


(36) 


and  &{tfMD,t)  is  a  transition  matrix  associated  with  Eq.  (29),  satisfying  the  fundamental 
properties  of  a  transition  matrix  as  follows 


Remark  1.  Given  a  linear  system  with  dynamics  matrix  A (t),  the  fundamental  properties 
of  associated  transition  matrix  <1 >(f/,f)  are 


$(*/>*/)  =  1 

The  general  form  of  for  our  problem  is 
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Using  the  definition  of  D  and  &{tfMD,t)  from  Eq.  (36)  and  Eq.  (38)  we  can  rewrite  ZMD  as 
follows 

■Z’md(^)  =  [</>51  052  05 M  4>bT  055  056  05d]  x{t)  (39) 

The  physical  meaning  of  the  new  state  variable  Zmd ,  or  zero-effort-miss  (ZEM),  is  being  the 
miss-distance  that  a  defender  would  achieve  if  from  the  current  time  and  onwards  not  the 
defender  nor  the  target  will  apply  any  control  and  the  missile  will  continue  on  it’s  course 
using  assumed  linear  pursuit  strategy. 

To  find  out  the  dynamics  oi  Zmd  we  differentiate  it  with  respect  to  time  and  use  transition 
matrix  properties  from  Eq.  (37).  We  obtain  ZMD  EOM  as 

Zmd  =  BT{tfMD,t)uT  +  BD(tfMD,t)uD  (40) 


where 

Br(t fMD 1 1)  =  D&(tfMD,t)'BTpE  =  052  {dr  —  dMKUT)  +  4>5MBmKUt  +  05TBr  +  0560m-K0t 
BD(tfMD,t)  =  =  -056dz)  +  05£)Bz) 

(41) 

We  notice  that  the  acquired  ZEM  dynamics  of  Eq.  (40)  is  dependent  only  on  defender’s  and 
target’s  controllers  up  and  ut  respectively. 

We  can  now  reformulate  the  optimization  problem  in  terms  of  the  new  ZEM  variable. 
Since  Zm d  (tfMD )  =  Um d  fMD )  the  cost  function  of  Eq.  (34)  can  be  rewritten  as 

1  1  f^fMD 

J  =  2a ZMD(tfMD )  +  2  Jo  UD  +  fjuT  (lt  (42) 

and  the  equivalent  reduced-order  problem  is  to  minimize  the  cost  function  of  Eq.  (42)  subject 
to  the  scalar  EOM  of  Eq.  (40). 

D.  Solution 

The  Hamiltonian  of  the  reduced-order  problem  is 

H  —  -  (u2d  +  /3u0)  +  A z  ^ BtUt  +  BjjUoj 
The  adjoint  equation  and  transversality  condition  are 

\  _  dH  =  n 

Zmd  OZmd 


(43) 


(44) 
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The  solution  of  the  adjoint  equation  of  Eq.  (44)  is  immediate  and  it  is 


^zMD(t)  -  aZMD(tfMD )  (45) 

The  optimal  cooperative  pursuit  strategies  of  the  defender  and  the  target  minimize  the 
Hamiltonian  given  in  Eq.  (43)  and  thus  satisfy 


Ur, 


=  arg  min  H 


"SILT 

y 

?uD 


ud  =  argon  lnil  H 


(46) 


Now,  by  differentiating  the  Hamiltonian  with  respect  to  each  respective  controller  and  equat¬ 
ing  the  result  to  zero  we  obtain  the  open  loop  optimal  controllers  for  target  and  defender 


£  -  Put  +  A zmdBt  -  0 
Bn  =  0 


£  =«*  +  A 


(47) 


Zmd^D 


and  using  the  Lagrange  multiplier  \zMDif)  from  Eq.  (45)  we  finaly  obtain 


u*T  -  ZMD(tfMD)BT 
u*D  =  —aZMD{tfMD)BD 


(48) 


Then,  in  order  to  compute  Z m r>{t f M n)  we  substitute  optimal  open  loop  controllers  from 
Eq.  (48)  into  zero-effort- miss  EOM  from  Eq.  (40)  and  integrate  it  from  current  time  t  to 

^/md 

/ 1  _.\ 

(49) 


(50) 


Z md (t)  -  -a  {jj^T  +  B2dJ  ZMD(tfMD) 

ZMD(tfMD )  =  ZMD(t )  +  ft  fMD  ZMD(t)  d£  = 


—  ZMD(t )  —  aZMD(tfMD )  ft  Smd  IBj,  +  Bp  d£ 


We  finally  obtain  Zm d  (l/Mfl )  as 


Z MD  (1/md)  - 


(51) 


where 


^  zMd  (tfMD  ?  0 


1  +  a //'*">  +  B2D(t,UD,0  d{ 


(52) 
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Substituting  ZMD(tfMD)  from  Eq.  (51)  into  open  loop  controllers  from  Eq.  (48)  we  obtain 
optimal  two-way  cooperative  pursuit  strategies  for  defender  and  target 


uP(t)  —  NT{t)ZMD{t) /t\ 
u*D(t )  =  -N'D(t)ZMD(t)/i 


(53) 


where  N'T(t)  and  N'D(t)  are  navigation  gains 


N'T(t)  =  ^BT(tfMD,t)^ZMD(tfMD,t)  ■  t2go 
N'D(t)  =aBD  ( tfMD ,  t)  <$>Zmd  ( tfMD  ,t)-t2go 


(54) 


In  order  to  complete  the  solution  and  implement  the  derived  optimal  cooperative  strate¬ 
gies  for  the  defender  and  the  target  from  Eq.  (53)  we  need  to  compute  the  transition  matrix 
Fortunately,  the  terminal  projection  method  we  used  allows  us  to  reduce  these 
computations  only  to  some  necessary  elements  of  the  transition  matrix,  which  in  our  case 
are  05:L,  052,  <05M,  <05T,  0 55,  056  and  <j>5D .  Now,  using  D  from  Eq.  (36)  and  the  relation 
from  Eq.  (37)  we  can  find  the  differential  equation  with  respect  to  time-to-go  (tgo)  of  these 
elements 

r\<b  Hd> 

(55) 


d$  d<h 

D—  =  -D  —  =  D®(tgo)APE(tgo  +  At) 


with  initial  condition  from  Eq.  (37)  as 


=  0)  =  I 


(56) 


Substituting  D  and  APE(tgo  +  At)  we  obtain 


'jf01  —  —  d,M  A 1052  +  Ai05MBm  +  d,M  K 1056 

LtigO 

//  '  1  =  051  —  A 2  052  +  A'2<05mBm  +  ^mA2056 

tiigo 

=  [— Cm  ~  ^mKm]052  +  <05 m[A-m  +  BmKm]  +  m  +  4/Km) 

LlLgo 

ZA1  =  [C  T  —  O?mKt]052  +  05MBA/Kt  +  (f)5TAT  +  dMKT056 

tiigo 

d<t> 55  _  n 
dtg0 

W&= 

LligO 

-fas  Cd  +  05dAd 

tiigo 


05l(O)  =0 
052(0)  =0 

<0sm(O)  =[0] 
<05t(O)  =  [0] 
055(0)  =  1 

056(0)  =  0 
<05^(0)  =  [0] 

(57) 


Once  the  endgame  phase  of  the  engagement  is  entered  Eq.  (57)  can  be  solved  numerically  as 
a  function  of  time-to-go  and  cooperative  guidance  laws  can  be  implemented.  The  solution 
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of  055  and  056  is  immediate  and  it  is 


055  (tgo)  1 
055  (tgo)  tgo 


(58) 


And  if  the  missile  is  implementing  a  PN,  APN  or  OGL  guidance,  where  the  relation  K2  = 
( tgo  +  At)  ■  K\  holds,  it  can  be  shown  that 


052  —  051  •  (tgo  +  At) 


(59) 


E.  Special  Cases 


The  obtained  cooperative  strategies  from  Eq.  (53)  are  functions  of  the  weights  a  and  0. 
These  weights  represent  the  relative  penalty  on  a  miss  distance  (a)  and  the  relative  penalty 
on  the  target’s  control  effort  (0).  Note  that  in  the  cost  function  of  Eq.  (42)  the  penalty  on 
the  defender’s  control  effort  is  1.  Thus,  in  order  to  achieve  perfect  interception  of  the  missile 
by  the  defender  we  have  to  vastly  increase  the  weight  on  the  miss  distance  a  compared  to 
the  weights  on  the  control  efforts  0  and  1  i.e.  we  require  a  — >  oo.  Therefore,  the  optimal 
controllers  remain  as  in  Eq.  (53)  and  the  respective  navigation  gains  are  obtained  by  inducing 
a  — >  oo  on  Eq.  (54) 


y„jf) 

Nb,a-Kx>(t) 


P  hfMD  \  (tfMD .0  <1«  9' 

_ _  .  j.2 

ft  MD 


(60) 


In  case  where  in  addition  to  perfect  interception  the  target  has  limited  or  no  maneuvering 
capability,  e.g.  passenger  aircraft,  the  weight  on  target’s  control  effort  must  be  increased 
along  with  the  weight  on  the  miss  distance.  Thus,  the  corresponding  navigation  gains  are 
obtained  by  inducing  infinite  weight  on  target’s  control  effort,  i.e.  0  — »  oo,  together  with 
infinite  weight  on  the  miss  distance,  i.e.  a  — >  oo, 


N' 

1  v  T,  a— >■  oo  ,/?—>■  oo 

N' 

D,a— >oo,(3— >oo 


(t) 

(t) 


(61) 


For  the  case  where  perfect  interception  is  required  from  a  non-maneuvering  defender  we 
induce  an  infinite  weight  on  defender’s  control  effort  in  addition  to  the  weight  on  the  miss 
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distance,  i.e.  f3  — >  0  and  a  — >  oo.  And  we  obtain  the  navigation  gains  as  follows, 


^T,a->-  oo,p-+o(t) 
^D,a-Kx>,/3-*-o(^) 


_  BT{tfMD,t)  _  ^2 

=  o 


(62) 


IV.  Cooperative  Target  Strategy  with  Independent  Defender 

In  the  previous  section  we  derived  optimal  strategies  for  a  general  case  where  two-way  in¬ 
formation  sharing  allowed  the  target  and  the  defender  to  act  cooperatively  as  a  team  against 
a  homing  missile.  However,  such  a  two-way  communication  requires  additional  hardware 
installed  on  the  defender,  and  may  be  often  unavailable  at  hand.  In  this  section  we  con¬ 
sider  a  case  where  a  different  cooperation  scheme  is  employed,  assuming  that  only  one-way 
information  sharing  is  possible.  For  example,  the  defender  can  be  driven  independently  us¬ 
ing  an  existing  one-on-one  strategy  while  transmitting  the  data  on  its  future  maneuver  to 
the  target.  Using  the  information  on  defender’s  strategy,  along  with  the  knowledge  on  the 
strategy  of  the  missile  the  target  can  predict  the  behavior  of  the  defender  and  bring  the 
missile  to  interception  with  the  defender.  As  a  realistic  example  of  such  a  scenario  we  can 
think  of  an  aircraft  equipped  with  already  existing  missiles  where  a  guidance  law  such  as 
PN  is  implemented.  Thus,  in  the  current  section  we  derive  a  one-way  cooperative  support 
strategy  for  the  target  to  aid  the  defender  hit  the  missile.  We  assume  that  the  defender 
missile  is  driven  by  a  one-on-one  linear  guidance  law  of  the  form  described  in  Eq.  (18)  (such 
as  PN).  The  underlying  assumption  is  that  the  missile’s  and  defender’s  guidance  strategies 
are  known  to  the  target.  It  is  logical  to  assume  a  known  defender’s  strategy  as  it  is  fired 
from  the  target,  while  missile’s  guidance  law  may  be  identified  using  a  technique  such  as 
that  proposed  in  the  first  year  of  the  research.11 


A.  Engagement  Dynamics 

We  assume  that  both  missile  and  defender  employ  linear  guidance  strategies.  The  corre¬ 
sponding  notation  for  the  missile’s  strategy  was  shown  in  Eq.  (18).  Thus,  we  can  write  the 
defender’s  guidance  law  as  follows 


where 


UD  K-D{tgoMD)  XMD  XM.  T  ^uTD(tgoMD)uM 


K  D(t 


goMD 


K  i  D  K2d  K  md  K  td 


(63) 


(64) 
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By  substituting  missile’s  and  defender’s  guidance  laws  given  in  Eq.  (18)  and  Eq.  (63)  into 
Eq.  (8)  we  obtain  the  EOM  of  the  cooperative  one-way  single  controller  evasion  problem: 

X  =  A E(tgo,  A t)x  +  B EuT  (65) 


where 


A E(tgo,  At)  — 


AMTPE{tgo  +  At)  [0] 
A21s  (tpoj  At)  A  MDE\tgo) 


Bk  = 


B  MTE(tgo) 

B MDE(tgoi  At) 


(66) 


where 


and 


A21.S  (tpoj  At) 


0  0  [0]  [0] 
GK\  GK2  Cm  +  GKm  -  dDKTo  GKr 
HE,  H  K2  (HKm  +  B«KTd)  HKr 


G  —  (d,M  —  KUTd  do ) ;  H  —  KUTdQd 


l AID , 


;(fgo)  — 


0 

—doK\D 

B  dK1d 


1 

—dDK2n 

B  dK2d 


B 


mte 


0 


drp  —  KUTdM 

BjlAuy 

B71 


B 


mdr  — 


0 

-(CD  +  dD^Mot 
Ad  +  BdKm„ 

0 

do  A  ut  A  ute  A  dy,A 

^  D  KUt  -K-UTn 


ut 


(67) 


(68) 


(69) 


(70) 


B.  Problem  Statement 

To  achieve  an  interception  of  the  missile  by  the  defender  the  primary  objective  of  the  target 
during  the  missile- defender  engagement  is  to  minimize  the  miss  distance  between  missile 
and  defender  (\y m o(t fM D)\)  and  yet  apply  a  reasonable  maneuver.  The  cost  function  that 
describes  the  above  objectives  is  therefore 

1  9  1  GfMD 

A  =  2 ^MD^fMo)  +  2  jo  UTdt  (71) 

subject  to  the  EOM  of  Eq.  (65). 

ffowever,  in  the  above  cost  function  formulation  there  is  no  penalty  set  for  the  control 
effort  of  the  defender  whereas  its  linear  guidance  law  was  derived  assuming  unbounded 
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control.  As  a  consequence,  the  solution  of  the  problem  will  provide  us  with  a  target  strategy 
that  answers  the  objectives  defined  by  the  cost  function,  but  at  the  same  time  it  may  result 
in  excessive  defender’s  acceleration.  In  a  realistic  scenario  where  defender’s  acceleration  is 
limited  by  a  finite  value  it  will  saturate  causing  a  miss  distance.  Consequently,  the  target 
must  take  into  account  also  the  minimization  of  the  defender’s  control  effort.  Thus,  the 
respective  cost  function  will  be  as  follows 

1  1  f^fMD 

'h  =  2ay2MD(tfMD )  +  2  Jo  UD  +  PUT dt  (72) 

where  a  is  a  non-negative  weight  representing  a  penalty  on  the  miss  distance  and  f3  is  a  non¬ 
negative  weight  representing  a  relative  penalty  between  the  control  efforts  of  the  defender 
and  the  target. 

Apparently,  the  second  formulation  of  Eq.  (72)  represents  a  more  general  case  of  the 
first  one  of  Eq.  (71).  Thus,  we  continue  to  focus  on  a  solution  of  the  second  formulation.  In 
addition,  since  all  linear  guidance  laws  that  may  be  implemented  by  the  defender  are  designed 
for  interception  (i.e.  minimize  the  missile-defender  miss  distance),  once  the  target  begins  to 
actively  help  the  defender  (i.e.  by  reducing  defenders  control  effort)  a  hit-to-kill  performance 
will  be  guarantied.  Thus,  the  weight  on  the  miss  distance  for  the  second  formulation  may 
not  be  necessary  (i.e.  a  —  0),  as  will  be  shown  in  the  simulation  section. 


C.  Solution 


Using  the  defender’s  controller  from  Eq.  (63)  and  substituting  a  missile  controller  from 
Eq.  (18)  we  can  reformulate  the  cost  function  given  in  Eq.  (72)  to  the  following  linear 
quadratic  form: 


1  T  1  /'Tmd 

^2  =  X*  ( )  f  o  / 


x1  Q  (tgo)x  +  2ur~Lx  +  u^Rut  dt 


(73) 


where 


Q  / 


and 


[0] 


(2+nM+nj)  x  (2+njvf +nr) 


[0] 


1  x  (2+njvf  ~\~ut) 


[0] 


(1+«d)  x  (2+nM+riT) 


Q  =  VT  V ;  L  =  Ku 


[0]  (2 +nM+nT)  X 1  [0]  (2 +nM+nT)  x  (l+nD) 

a  [0]lx(l+nD) 

KUtV  ;  R=(KUTdKUt)2  +  (3 


(74) 

(75) 


V 


Kut,,  Kut„  K-2  KuTr,  Km  +  K Tn  KUt„  K t  K\ 


K2t 


K 


md 


(76) 
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The  Hamiltonian  of  the  problem  is 


1  i 

H  =  -xT  Q  (tgo)x  +  mtLx  +  -uERuT  +  X1  Asx  +  X1  BEuT 
The  adjoint  equation  and  transversality  condition  are 


A  =  -  (| f  )T  =  -Q((„„)x  -  Ltut  -  Aet\ (t) 
A ■  f  <■ : n }  — 


(77) 


(78) 


The  optimal  cooperative  target  strategy  minimizes  the  Hamiltonian  and  thus  satisfies 

=  arg„T  min  H  =  argUT{ g  =  Laii7uT  +  B^A  =  0}  (79) 

u*T  =  - R -1  (BgA(f)  +  Lx*)  (80) 

where  x*  is  the  optimal  trajectory. 

The  solution  of  the  adjoint  equation  given  in  Eq.  (78)  with  implemented  optimal  controller 
from  Eq.  (79)  is  given  by 

A  {t)  =  P(t)x(t)  (81) 

where  P(t)  is  a  symmetric  matrix  of  the  following  form 


p(t)  = 


p  11 

Pl2 

PlM 

Pit 

P 15 

Pl6 

Pit 

Pl2 

P'22 

P2M 

P2T 

P25 

P'26 

P2D 

PlM 

P  2M 

P3M 

P3T 

P35 

P36 

P3D 

pTt 

P2T 

T 

P.3T 

Pit 

P45 

P46 

PlD 

Pl5 

P25 

T 

P35 

T 

P45 

P55 

P56 

P5D 

Pl6 

P26 

T 

P36 

T 

Pie 

Pm 

Pee 

P6D 

T 

L  PlD 

T 

P2  D 

T 

P  3D 

T 

Pi  D 

T 

P5  D 

T 

Pod 

P7D 

(82) 


satisfying  the  following  differential  matrix  Riccati  equation 

P  =  -  (PAe  +  AgP  -  PBeR-^P  -  2PB ER~l  -  L TR~1L  +  Q) 

p(^/md)  =  Q  / 

And  the  closed  loop  optimal  evasion  strategy  is  therefore 

u 5-(t)  =  -R- 1  (B |f>(i)  +  L(())  x(t) 


(83) 


(84) 
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We  can  now  substitute  R  .  and  P(t)  from  Eq.  (75),  Eq.  (70)  and  Eq.  (82)  respectively 


and  obtain 


Ur 


’(*)  = 


K  U*) 


(KUT  KUrp  , 


+  P 


x(t) 


(85) 


where 


K^) 


d'TPn  +  B^pfT  +  KlTn  KUt  K  \ 

drP22  +  Byp^r  +  d^uTn  KUt  K2 

drP2M  +  B^pgT  +  K^t^KUt  K.m  +  KUTdKUt  KTd 

drP2T  +  B)p  4T  +  K^t^KUt  Kt 

drP25  +  B^p45  +  KUTdKUtKid 

drP26  +  B^p46  +  KUTdKUtK2d 

d'TP2D  +  B^p4D  +  KUTdKUt  K.Md 


(86) 


In  order  to  implement  this  strategy  the  matrix  P  shall  be  calculated  prior  to  the  endgame 
phase  of  the  engagement.  Since  we  can  not  obtain  a  closed  form  solution  for  P  it  will  be 
calculated  numerically. 


V.  Cooperative  Defender  Strategy  with  Independent  Target 

In  the  previous  section  we  analyzed  a  target-defender  team  actions  under  the  constraint  of 
independently  guided  defender  and  presented  a  corresponding  one-way  cooperation  scheme. 
Now,  we  turn  our  attention  to  the  second  one-way  cooperation  scheme,  where  the  information 
is  transferred  from  the  target  to  the  defender.  We  assume  that  the  target  may  perform  any 
arbitrary  maneuver  and  transmits  the  data  regarding  its  chosen  strategy  to  the  defender. 
For  example,  an  aircraft  pilot  may  fire  a  defender  on  the  incoming  missile  and  perform  an 
independent  evasive  maneuver.  Based  on  the  oncoming  maneuvering  sequence  received  from 
the  target,  together  with  the  knowledge  of  missile’s  guidance  law,  the  defender  is  able  to 
predict  the  missile’s  behavior  and  head  towards  the  interception  point.  Thus,  an  appropriate 
one-way  cooperative  pursuit  strategy  is  required  for  the  defender.  As  in  the  previous  section 
we  apply  an  assumption  that  the  attacking  missile  uses  a  known  linear  guidance  law  of 
the  form  given  in  Eq.  (18).  We  also  assume  that  the  target  performs  a  known  arbitrary 
maneuvering  strategy.  For  example,  since  the  missile’s  guidance  law  is  known  it  is  natural 
for  the  target  to  employ  an  optimal  one-on-one  evasive  maneuver.  The  corresponding  one- 
on-one  evasion  strategies  assuming  bounded  target  control  and  a  pursuer  implementing  a 
linear  guidance  were  derived  in  the  second  year  of  the  research12  and  have  the  following  form 

ute  =  uTax  sign (sMt)  sign (ZMT)  (87) 
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where  Smt  is  the  appropriate  switching  function  and  ZMT  is  the  first  component  of  the 
homogeneous  solution  of  missile-target  engagement. 

A.  Pursuit  Dynamics 

The  missile-target-defender  engagement  equations  of  motion  remain  as  given  in  Eq.  (8). 
Following  the  assumption  that  the  missile  uses  a  linear  guidance  strategy  we  substitute 
Eq.  (18)  into  Eq.  (8)  to  obtain  the  EOM  of  pursuit-evasion  problem  as  it  was  presented  in 
Eq.  (30).  We  also  assume  that  the  target  performs  a  known  evasive  maneuver,  such  as  that 
given  in  Eq.  (87).  Thus,  the  EOM  are 


x  —  A pE(tgo,  A t)x  +  B tpeu*Te  +  B dpeud 


(88) 


B.  Pursuit  Problem  Statement 

The  defender’s  objective  during  the  engagement  is  to  ensure  the  safety  of  the  target  by 
intercepting  the  homing  missile.  This  can  be  achieved  by  minimizing  the  miss  distance 
( I  Dm  d  (t  fMD )  | )  j  while  not  exceeding  defender’s  maneuvering  capabilities.  Thus,  we  pose  the 
cooperative  pursuit  problem  as  the  minimization  of  the  following  cost  function 

Q  „  1  f1 fMD 

j  =  2  VuD^fMo)  +  2  Jo  UD dt  (89) 

subject  to  EOM  from  Eq.  (88)  and  with  a  being  a  non-negative  weight  which  is  a  relative 
penalty  between  the  miss  distance  and  the  control  effort. 

C.  Order  Reduction 

In  order  to  simplify  the  solution  and  to  reduce  the  problem’s  order  we  again  use  the  terminal 
projection  method  and  define  a  new  variable 

O fMD 

ZMDP(t )  =  D &(tfMD,t)x(t)  +  D  J  ®(tfMD,0BTpEu*TE(0  (90) 

where  D  is  a  constant  vector  given  in  Eq.  (36)  and  *&{tfMD,t)  is  the  transition  matrix 
associated  with  Eq.  (88).  Since  in  the  current  engagement  formulation  the  dynamics  matrix 
is  the  same  as  in  Eq.  (29)  the  resulting  transition  matrix  is  identical  to  that  given  in  Eq.  (38) 
and  satisfies  Eq.  (37).  The  general  form  of  <&(f/MD,f)  for  our  problem  was  presented  earlier 
and  is  given  in  Eq.  (38). 

Using  the  definition  of  D  and  <h(f/MO,f)  from  Eq.  (36)  and  Eq.  (38),  and  B TpE  from 
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Eq.  (33)  we  can  rewrite  ZMD  as  follows 


r^MD 

ZMDpit)  =  [051  052  </>5M  05T  ^55  056  05.0  ]  X(t)  +  J  (0520T  +  05tBt)«tb  (0  d£  (91) 

The  physical  meaning  of  the  new  state  variable  ZM D  or  zero-effort-miss  (ZEM)  is  a  miss- 
distance  that  a  defender  would  achieve  if  from  the  current  time  and  onwards  it  won’t  apply 
any  control  and  the  target  and  missile  will  continue  on  their  course  using  their  assumed 
pursuit  and  evasion  strategies. 

To  find  out  the  dynamics  of  Zmdp  we  again  differentiate  it  with  respect  to  time  and  use 
Eq.  (37).  And  we  obtain  Zmdp  EOM  as 

Zmdp  =  (92) 

where  Bp  is  given  in  Eq.  (33).  We  notice  that  the  acquired  ZEM  dynamics  of  Eq.  (92)  is 
dependent  only  on  defender’s  controller  Ud,  as  the  target  is  employing  a  pre-decided  upon 
maneuver. 

We  can  now  reformulate  the  optimization  problem  in  terms  of  the  ZEM  variable.  Since 
Z m d )  =  Um d (j'fMD )  the  cosl  function  of  Eq.  (89)  can  be  rewritten  as 

a  r>  1  ftfMD 

J  =  2  ^MDpitfMD )  +  2  J  uDdt  (93) 

and  the  equivalent  reduced-order  problem  is  to  minimize  the  cost  function  of  Eq.  (93)  subject 
to  the  EOM  of  Eq.  (92). 


D.  Solution 

The  Hamiltonian  of  the  reduced-order  problem  is 

H  =  2  ud  +  ^zMDp  Bd  ( tfMD ,  t)uD  (94) 

The  adjoint  equation  and  transversality  condition  are 


\  _  dH  n 

Zmdp  dZMDp 

^ZMDp(tfMD)  Z MDP(tfMD ) 


(95) 


Following  the  same  steps  as  it  was  done  in  section  III  we  obtain  the  optimal  cooperative 
pursuit  strategy  for  the  defender 


u*D{t)  =  —N'Dp  (t)  ZM  dp  (t) /t2go 
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where  N'Dp(t )  is  the  navigation  gain  satisfying 


N’Dp(t)  =  aBD(tfMn,t)$z„Dp(tfMD,t)  ■  t]c 


(97) 


and 


^ ZMdp  (tfMD  ) 


(98) 


l  +  afl/’-'v  BUtfMD,()d( 

For  perfect  interception  we  choose  a  — *  oo  as  it  was  done  in  previous  sections  and  obtain 
the  navigation  gain 

. .  r„u,  n 

(99) 


N' 

Dp, a— >oo 


(t)  =  t,  - t2 


LfMD  B%{tfMD4)dt  90 


VI.  Simulation  Analysis 

In  this  section  we  investigate  the  performance  of  the  derived  cooperation  schemes  via 
analysis  of  simulation  results.  Each  of  the  three  proposed  cooperation  schemes  is  discussed 
separately  and  then  compared.  Such  a  comparison  enables  us  to  analyze  the  impact  of  coop¬ 
eration  between  target  and  defender  on  the  outcome  of  the  engagement.  For  the  simulations 
we  assume  that  missile,  target,  and  defender  have  first  order  acceleration  dynamics  with 
identical  time  constants  of  0.1  seconds.  The  missile  employs  PN  guidance  and  we  assume 
that  this  strategy  is  known  to  the  adversaries.  The  duration  of  the  missile-defender  engage¬ 
ment  is  0.7  seconds,  and  the  time  difference  At  between  the  terminal  times  of  missile-target 
and  missile-defender  engagements  is  0.3  seconds. 


A.  Two-Way  Cooperative  Pursuit 

In  this  subsection  we  examine  the  first  and  more  general  case  where  the  target  and  the 
defender  act  in  full  cooperation  by  means  of  two-way  information  sharing  to  intercept  the 
incoming  missile.  Once  the  endgame  phase  of  the  engagement  has  begun  and  the  missile’s 
guidance  strategy  was  identified  then  the  target  and  defender  may  switch  to  their  respective 
cooperative  strategies.  In  order  to  implement  the  optimal  two-way  cooperative  pursuit  guid¬ 
ance  laws  of  Eq.  (53)  the  relevant  elements  of  the  transition  matrix  must  be  computed  by 
solving  the  system  of  differential  equations  Eq.  (57)  (i.e.  numerical  solution).  Next  step  in 
the  implementation  is  to  assign  penalty  weights  a  and  f3  according  to  desired  performance  or 
other  engagement  constraints  (i.e.  acceleration  limitations).  In  Fig.  2  we  present  the  Pareto 
Front  of  the  problem  as  a  function  of  weights  a  and  (3.  Each  point  on  the  surface  depicted 
on  the  figure  represents  a  simulation  result  in  terms  of  miss  distance  yMD(tf)  and  control 
effort  of  the  target  (f  u\dt)  and  the  defender  (f  u2Ddt).  When  the  target  and  the  defender 
both  use  optimal  strategies  the  point  representing  the  outcome  of  the  engagement  lies  on 
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the  Pareto  Front  surface.  It  is  therefore  not  possible  to  gain  a  better  result,  i.e.  descend 
bellow  the  Pareto  Front  by  deviating  from  these  optimal  strategies.  Thus,  if  for  any  reason  a 
different  strategy  is  chosen  by  the  target  or  the  defender,  the  resulting  outcome  will  be  above 
the  surface.  As  expected,  it  can  be  observed  that  increasing  the  penalty  on  miss  distance, 
i.e.  a  -MX),  reduces  yMo(tf)-  However,  at  the  same  time  for  a  given  (3  the  control  efforts 
of  the  target  and  the  defender  increase  as  they  are  required  to  perform  harder  to  achieve 
smaller  miss.  We  also  notice  that  by  increasing  the  relative  penalty  on  control  effort  /3  we 
obtain  reduced  control  effort  for  target  and  increased  effort  for  the  defender.  For  a  given  a, 
increasing  (3  will  also  cause  the  miss  distance  y2MD^f )  to  increase,  since  target  tries  less  to 
assist  the  defender. 


Figure  2.  Cooperative  Pursuit  Pareto  Front  as  a  function  of  a  and  /3. 

The  part  of  the  Pareto  Front  for  the  limiting  case  where  we  want  to  assure  interception 
of  the  missile,  i.e.  a  — >•  oo,  is  presented  in  Fig.  3.  By  decreasing  /3  we  place  less  penalty 
on  target’s  maneuvering,  thus  allowing  the  target  to  more  actively  help  the  defender  .  As  a 
consequence  the  control  effort  required  from  the  defender  decreases.  Actually,  this  limiting 
case  Pareto  Front  is  a  cross  section  of  the  general  case  Pareto  Front  surface  shown  in  Fig.  2 

at  y2MD(tf )  =  o. 
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Figure  3.  Pareto  Front  for  the  limiting  perfect  interception  case  where  a  — >  oo  as  a  function 
of  /3. 

The  time  evolution  of  navigational  gains  N 'T  and  N'D  for  various  weights  /3  is  plotted  in 
Fig.  4.  Decreasing  f3  raises  the  navigation  gain  of  the  target  iVy,  since  by  decreasing  the 
penalty  on  the  target  maneuver,  we  are  actually  allowing  an  increase  in  the  control;  the  same 
is  true  about  the  defender’s  navigation  gain  N'D.  The  resulting  optimal  trajectories  over  a 
set  of  weights  /3  is  plotted  in  Fig.  5.  During  the  engagement  cooperatively  acting  target  and 
defender  cause  Zmd  to  monotonically  decrease  until  it’s  nulled. 

Note,  an  outcome  of  a  scenario  where  the  target  and  the  defender  both  use  existing 
one-on-one  strategies  can  be  presented  on  Fig.  2  as  a  single  point.  For  example,  in  a  case 
where  the  defender  employs  PN  guidance  and  the  target  performs  a  constant  maneuver  an 
interception  is  achieved.  Therefore,  the  point  will  be  on  a  plane  corresponding  to  yMo(tf)  =  0 
and  we  can  refer  to  Fig.  3.  In  addition,  the  control  effort  of  the  target  equals  to  some  positive 
value  and  that  of  the  defender  tends  to  a  very  large  number  (i.e.  j  u^dt  =  1035).  Thus, 
the  corresponding  point  representing  such  an  outcome  is  beyond  the  figure  boundaries  and 
above  the  Pareto  Front  line.  It  is  evident  that  using  such  a  one-on-one  strategies  yields 
worse  performance  than  by  cooperative  actions. 

B.  Cooperative  Target  With  Independent  Defender 

Now  we  turn  our  attention  to  the  second  guidance  law  derived  for  the  target  to  coopera¬ 
tively  aid  the  defender  intercept  the  missile.  Recall  that  in  this  case  we  rely  on  a  one-way 
information  sharing  set  from  the  defender  to  the  target,  i.e.  the  defender  is  independently 
guided  by  some  linear  strategy  and  transmits  this  data  to  the  target.  This  information  is 
then  used  by  the  target  to  bring  the  defender  to  collision  with  the  missile.  The  respective 
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Zmd  [H 


Figure  4.  Navigation  gains  evolution  for  two-way  cooperation. 


Figure  5.  Zmd  evolution  for  perfect  interception  case. 
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strategy  is  given  in  Eq.  (85).  We  assume  that  the  missile  and  the  defender  are  guided  using 
PN  guidance  law  with  effective  gain  N1  =  3  that  is  known  to  the  target. 

To  implement  the  guidance  law,  the  relative  penalty  weight  on  the  miss  distance  a  and 
on  the  target  control  effort  f3  must  be  assigned  first.  Next,  the  respective  elements  of  matrix 
P  must  be  computed  according  to  the  solution  of  Eq.  (83). 

The  simulation  was  set  over  the  same  engagement’s  initial  conditions  as  in  the  previous 
case.  The  resulting  Pareto  Front  is  shown  in  Fig.  6.  We  present  the  results  only  for  a  =  0, 
as  identical  results  were  obtained  for  other  various  values  of  a.  Note,  that  for  the  current  set 
of  initial  conditions  and  due  to  unbounded  control  the  defender  manages  to  achieve  a  zero 
miss  distance  even  without  the  target’s  assistance  (i.e.  ut  —  0).  Since  the  penalty  on  miss 
distance  does  not  affect  the  outcome  and  a  perfect  interception  is  achieved  it  is  clear  that  the 
target  maneuvers  only  to  reduce  the  control  effort  of  the  defender.  In  Fig.  6  we  also  depict 
the  cross  section  of  the  cooperative  pursuit  Pareto  Front  at  y|,/D(f/)  =  0  from  Fig.  2,  which 
is  also  shown  in  Fig.  3.  The  control  efforts  required  from  the  target  and  the  defender  when 
using  full  cooperation  are  considerably  smaller  than  in  the  present  case;  therefore,  this  cross 
section  appears  as  a  point  at  the  origin.  Apparently,  the  obtained  Pareto  Front  of  the  current 
cooperation  scheme  is  significantly  above  the  Pareto  Front  of  the  two-way  cooperation  case, 
since  the  strategies  used  by  the  target  and  the  defender  in  the  current  scenario  considerably 
deviate  from  the  optimal  two-way  cooperative  pursuit  strategies.  Despite  the  fact  that  the 
target’s  strategy  is  optimal  for  the  current  scenario  it  does  not  exploit  the  full  potential  of 
cooperation  due  to  the  constraint  on  the  guidance  law  of  the  defender. 

When  the  penalty  on  target’s  control  effort  /3  is  very  large  (greater  than  1020),  the  target 
does  not  perform  any  maneuver  and  it’s  control  effort  equals  zero.  In  this  case,  the  defender 
is  acting  alone  in  absence  of  aid  from  the  target.  As  a  consequence,  the  required  defender 
control  effort  is  huge.  Such  an  outcome  is  a  result  of  PN  guidance  implemented  on  a  defender 
with  non  ideal  dynamics.  Once  the  penalty  decreases,  and  the  target  is  allowed  to  maneuver 
it  manages  to  significantly  decrease  the  control  effort  required  from  the  defender,  ffowever, 
to  improve  the  outcome  and  to  further  reduce  the  control  effort  of  the  defender  the  target 
must  considerably  increase  its  own  control  effort.  It  is  evident  that  there  is  a  diminishing 
return  for  target  maneuvers.  . 

It  is  important  to  note  that  the  main  contribution  of  the  one-way  cooperation  here  is  the 
possibility  to  reduce  the  required  control  effort  of  the  defender,  since  the  interception  of  the 
missile  could  have  been  achieved  even  without  the  target’s  assistance.  However,  it  is  clearly 
seen  by  comparing  the  results  shown  in  Fig.  3  and  Fig.  6,  that  a  one-way  cooperation  scheme 
requires  a  considerably  more  agile  target.  In  order  to  be  able  to  support  the  defender  with 
the  preset  one-on-one  guidance  law,  the  target  and  the  defender  must  have  much  superior 
maneuvering  capabilities  compared  to  the  two-way  cooperation  case. 
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3000 


Figure  6.  Pareto  Front  for  cooperative  target  with  independent  defender. 


The  guidance  law  derived  for  the  current  cooperation  scheme,  as  shown  in  Eq.  (85)  has 
a  different  structure  than  the  general  two-way  cooperation  case  guidance  strategy,  as  shown 
in  Eq.  (53). The  current  controller  is  a  function  of  time  dependent  gains  vector  multiplied 
by  the  current  state  vector,  whereas  two-way  cooperation  controllers  have  a  form  of  ZEM 
multiplied  by  a  navigational  gain.  Thus,  there  is  no  clear  way  to  compare  those  gains  and 
therefore  they  are  not  shown  here. 

C.  Cooperative  Defender  with  Independent  Target 

In  this  subsection  we  analyze  the  performance  of  cooperatively  acting  defender  with  inde¬ 
pendently  evading  target.  The  guidance  law  is  given  in  Eq.  (96).  The  underlying  assumption 
in  the  derivation  of  this  strategy  was  the  knowledge  of  missile’s  guidance  and  target’s  evad¬ 
ing  maneuver.  For  simulation  purpose  we  assume  that  target  performs  a  constant  evasive 
maneuver  of  1.5 g.  Missile  is  assumed  to  employ  proportional  navigation  with  effective  gain 
N'  =  3. 

In  order  to  implement  this  guidance  strategy  we  need  to  calculate  the  relevant  elements 
of  the  transition  matrix  by  solving  the  system  of  differential  equations  given  in  Eq.  (57).  For 
the  current  scenario  this  calculation  is  similar  to  the  one  done  in  subsection  A. 

The  Pareto  Front  for  the  current  engagement  is  shown  in  Fig.  7.  The  figure  represents  two 
optimization  objectives  of  the  problem,  i.e.  missile-defender  miss  distance  and  defender  con¬ 
trol  effort.  Since  the  target  maneuvers  independently,  its  control  effort  is  constant  and  equals 
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to  f  v'ipdt  ~  151  [m2/sec],  no  matter  what  the  missile  and  the  defender  do.  Thus,  if  we  look 
at  the  general  cooperative  pursuit  Pareto  Front  from  Fig.  2,  the  Pareto  Front  of  the  current 
problem  will  lay  on  a  plane  which  corresponds  to  the  cross  section  at  f  u^dt  ~  151  [m2/sec] 
as  it  is  shown  in  Fig.  8.  Similarly  to  the  one-way  cooperative  defender  case  the  current  strat¬ 
egy  is  an  optimal  solution  under  the  constraint  of  a  non-cooperative  target,  and  therefore  it 
cannot  achieve  better  results  than  of  a  general  two-way  cooperation  unconstrained  case.  As 
seen  from  the  Fig.  8  the  Pareto  Front  is  indeed  above  the  Pareto  Front  surface  of  a  two-way 
cooperation  case.  Note  that  in  the  current  cooperation  scheme  formulation  a  scenario  with 
a  non  maneuvering  target  (i.e.  Ut  =  0)  actually  represents  a  limiting  case  of  the  general 
two-way  cooperation  with  (3  — *  oo. 

We  can  observe  from  Fig.  7  that  increasing  the  penalty  a  on  the  miss  distance  forces 
the  defender  to  perform  harder  (its  control  effort  increases)  to  achieve  smaller  miss.  Further 
increasing  a  to  infinity  ( a  — >■  oo)  provides  us  with  a  limiting  case  of  a  perfect  interception 
of  the  missile  by  the  defender. 


Figure  7.  Pareto  Front  for  cooperative  defender  with  independent  target. 

Evidently,  when  the  defender  relies  on  the  ongoing  behavior  of  the  target,  perfect  inter¬ 
ception  is  achievable  with  a  much  larger  effort  than  when  they  both  communicate  and  share 
their  strategies  with  each  other,  hlowever,  in  the  previous  cooperation  scheme  where  the 
target  used  the  information  on  defender’s  guidance  law  to  support  its  pursuit  a  much  larger 
control  effort  was  required  from  the  target.  Practically  it  can  be  concluded  that  aiding  a 
defender  employing  a  preset  guidance  law  with  a  support  maneuver  of  the  target  is  harder 
since  when  the  future  evasion  strategy  of  the  target  is  known  the  defender  just  needs  to  head 
towards  a  predicted  intercept  point. 


34  of  38 


Distribution  A:  Approved  for  public  release;  distribution  is  unlimited. 


Figure  8.  Pareto  Front  for  cooperative  defender  with  independent  target  compared  to  full 
cooperation  case. 
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The  navigation  gain  N'D  is  plotted  in  Fig.  9  for  various  values  of  a  including  the  limiting 
case  where  a  — >  oo.  The  resulting  optimal  trajectories  are  shown  in  Fig.  10.  It  is  evident 
that  when  the  objective  of  the  defender  is  perfect  interception  it  manages  to  exploit  the 
information  about  target’s  maneuver  and  anticipate  the  behavior  of  the  missile  to  null  the 
miss  distance. 


Figure  9.  Navigation  gain  for  cooperative  defender  with  independent  target. 


Figure  10.  Zmdp  evolution  during  the  engagement. 


VII.  Conclusions 

In  this  report,  that  summarizes  the  work  performed  in  the  last  stage  of  the  three  years 
research  effort,  we  analyzed  an  interception  engagement  in  which  a  defending  missile  is 
fired  from  an  aircraft  to  intercept  an  incoming  homing  missile.  Three  different  cooperation 
schemes  were  presented  and  mathematically  formulated.  For  each  case  optimal  cooperative 
guidance  laws  were  derived,  according  to  the  constraints  induced  by  cooperation  limitations. 
The  first  case  implied  two-way  cooperation  allowing  full  synergy  between  the  target  and 
the  defender.  In  this  case  no  constraints  were  applied  on  their  behavior  which  allowed  us 
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to  derive  cooperative  pursuit  strategies  for  the  target  and  the  defender.  In  the  second  case 
we  assumed  that  only  one-way  cooperation  is  available  from  the  side  of  the  target.  As  a 
realization  of  such  a  scenario  we  considered  an  independently  homing  defender  and  a  target 
trying  to  lure  in  the  missile.  For  this  case  the  optimal  one-way  cooperative  support  strategy 
was  derived  for  the  target  to  aid  the  defender  intercept  the  missile.  Third  approach  assumed 
information  sharing  from  the  target  to  the  defender,  i.e.  independently  evading  target,  while 
the  objective  of  the  defender  was  to  exploit  this  information  to  intercept  the  missile.  All  three 
guidance  schemes  were  derived  assuming  arbitrary  order  linear  dynamics  of  the  adversaries, 
perfect  information  under  the  constraints  of  respective  information  sharing  schemes,  and  a 
missile  employing  a  known  linear  guidance  strategy. 

Performance  of  the  proposed  guidance  laws  was  analyzed  via  simulation,  using  the  notion 
of  Pareto  fronts.  As  expected,  it  was  shown  that  fully  cooperative  actions  yield  best  perfor¬ 
mance  compared  to  one-way  cooperation  schemes  and  one-on-one  strategies.  Once  two-way 
communication  cannot  be  established  and  full  cooperation  is  not  possible  one  player  of  the 
target-defender  team  must  act  independently.  It  was  shown  that  in  such  a  case  it  is  still  possi¬ 
ble  to  intercept  a  homing  missile  using  an  appropriate  cooperation  scheme.  It  was  also  shown 
that  different  one-way  cooperation  schemes  impose  different  maneuvering  requirements  on 
the  respective  cooperatively  acting  players.  Results  have  shown  that  cooperatively  acting 
defender  is  more  effective  than  cooperatively  acting  target,  since  cooperative  defender  only 
needs  to  turn  towards  predicted  intercept  point,  while  cooperative  target  has  to  take  into 
account  missile  reaction  to  its  maneuver  to  bring  the  independent  defender  to  interception 
point. 
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